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We propose a total measure of multi-particle quantum correlation in a system of N two-level atoms
(N qubits). We construct a parameter that encompasses all possible quantum correlations among
N two-level atoms in arbitrary symmetric pure states and define its numerical value to be the total
measure of the net atom-atom correlations. We use that parameter to quantify the total quantum
correlations in atomic Schro¨dinger cat states, which are generated by the dispersive interaction in
a cavity. We study the variation of the net amount of quantum correlation as we vary the number
of atoms from N = 2 to N = 100 and obtain some interesting results. We also study the variation
of the net correlation, for fixed interaction time, as we increase the number of atoms in the excited
state of the initial system, and notice some interesting features. We also observe the behaviour of
the net quantum correlation as we continuously increase the interaction time, for the general state
of N two-level atoms in a dispersive cavity.
PACS numbers: 03.67.Mn, 42.50.Dv, 03.65.Ud
I. INTRODUCTION
Over the past few years there has been a growing in-
terest in studying quantum correlations in multiparti-
cle systems[1]-[9]. A lot of achievements have already
been obtained in the study of bipartite quantum corre-
lations [10]. Among these one significant step is Woot-
ters’formula [11] for the entanglement of formation for
two-qubit mixed states and others include correspond-
ing results for highly symmetrical states of higher dimen-
sional systems [12], [13]. In Ref. [14], the sufficient and
necessary conditions to induce entanglement on two re-
mote qubits, by means of their respective linear interac-
tion, with a two-mode driving field have been studied. A
lot of work has also been done to understand the relation-
ship between quantum entanglement and spin squeezing
[15]-[24]. In Ref. [25], a complete set of generalised spin
squeezing inequalities for detecting entanglement in an
ensemble of qudits have been presented. It has also been
shown, how to detect k-particle entanglement and bound
entanglement. But, complete understanding of multi-
particle quantum correlations is still an open and greater
challenge.
In this paper, we propose a total measure of the multi-
particle quantum correlations in systems of N two-level
atoms (N qubits) or equivalently in systems of N spin- 12
particles. We apply that measure to quantify the net
amount of quantum correlations in atomic Scho¨dinger
cat states, which are correlated states, and play impor-
tant role in understanding the conceptual foundations of
quantum mechanics.
In Ref. [8], we proposed a partial measure of the
multi-particle quantum correlations in a system ofN two-
level atoms, because, that measure takes into account the
quantum correlations of the atoms only in the x and y-
quadratures and does not take into account the correla-
tions in the z-quadrature. In this paper, we show that,
there are enough correlations also in the z-quadrature,
for a correlated state. Therefore, to have a total measure
of the atomic correlations, we must take into account
the correlations along all the three mutually orthogonal
quadratures, that is, along x, y, and z-quadratures. We,
therefore, in this paper, construct the total measure of
the multi-particle quantum correlations, by taking the
root mean square value of all the atom-atom correla-
tions along all the three mutually orthogonal directions.
The parameter that we construct for the quantification
of net correlation, named as quantum correlation param-
eter, encompasses all types of quantum correlations in a
system of N two-level atoms, and whose magnitude has
been defined as a measure of the net amount of quan-
tum correlations present in such systems. We use this
method to analyze and quantify the amount of multi-
particle quantum correlations in atomic Schro¨dinger cat
states. Agarwal et al. [30] developed atomic Schro¨dinger
cat states using the dispersive interaction in a cavity.
They applied time evolution to an initial atomic coherent
state [27] with the help of a Hamiltonian, non linear in
atomic population inversion operator. At special times,
the final states they obtained, are superpositions of sev-
eral atomic coherent states each of different phases. The
resultant states are Schro¨dinger cat states which show
interesting quantum interferences. Furthermore, the re-
sultant states are highly correlated states, and this is our
motivation to quantify the amount of quantum correla-
tions present in such system. We study the variation of
the amount of quantum correlations as we increase the
number of atoms in the system from N = 2 to N = 100.
We notice some interesting features. We also analyse
the situation as we continuously increase the number of
atoms in the excited state of the initial system. We ob-
serve that, when the number of atoms in the assembly
2is an odd number, the net quantum correlation behaves
in a different way as compared to the case, when the to-
tal number of atoms is an even number. We also study
the variation of the net correlation with the interaction
time, for a general state of two-level atoms in a dispersive
cavity.
The organization of the paper is as follows. In section
II, we construct the total measure of multi-particle quan-
tum correlation, that is used to quantify the net amount
of quantum correlation in a system of N two-level atoms.
In section III, we quantify the amount of correlation in
atomic Schro¨dinger cat states. In section IV, we present
the summary and conclusion.
II. CONSTRUCTION OF A TOTAL MEASURE
OF QUANTUM CORRELATION
At first, we mention here that, in Ref. [8] and [9], we
have developed a partial measure of multi-particle quan-
tum correlations in a system of N two-level atoms, be-
cause, in those papers we considered only the quantum
correlations along the x and y-quadratures only. But,
in this paper, we show that there are lot of correlations
in the z-quadrature also. Therefore, to construct a to-
tal measure of multi-particle quantum correlations, we
must take into account all the correlations in all the
three mutually orthogonal quadratures, that is, in the
x, y, and z-quadratures. So, in this paper, we develop
a total measure of multi-particle quantum correlations,
by taking into account all the quantum correlations in
all the three mutually orthogonal quadratures, that is, in
x, y, and z-quadratures, and apply that total measure
to quantify the net amount of quantum correlations in
atomic Schro¨dinger cat states. Now, we, mention here
that, in this paper, in our way toward the construction
of a total measure of quantum correlations, the method
of extracting out the quantum correlations in the x and
y-quadratures have already been developed by us in Ref.
[8] and [9]. But, in this paper, we provide a complete
method for the construction of a total measure of multi-
particle quantum correlations.
Now, in order to construct a total measure of multi-
particle quantum correlations for a system of N two-level
atoms (N qubits), our aim is to first extract out all
possible quantum correlations that exist among all the
atoms in the system. The quantum correlations that ex-
ist among the atoms are expressed here mathematically
in terms of the expectation values of the pseudo-spin
operators over the composite state of all the two-level
atoms. We, therefore, first discuss about the pseudo-spin
operator of a two-level atom (a single qubit).
If the upper and lower energy level of the n-th atom
in the assembly are denoted as |un〉 and |ln〉 respectively,
then, we can construct some operators, (with ~ = 1) as
[26]
Jˆnx = (1/2)
(|un〉〈ln|+ |ln〉〈un|), (1)
Jˆny = (−i/2)
(|un〉〈ln| − |ln〉〈un|), (2)
Jˆnz = (1/2)
(|un〉〈un| − |ln〉〈ln|). (3)
We can check that these operators satisfy
[Jˆnx , Jˆny ] = iJˆnz , [Jˆny , Jˆnz ] = iJˆnx ,
[Jˆnz , Jˆnx ] = iJˆny , (4)
which are exactly the similar commutation relations as
those satisfied by the Pauli spin operators. For this rea-
son the above operators are termed as pseudo-spin oper-
ators.
Now, for a system of N such two-level atoms, we con-
struct collective pseudo-spin operators,
Jˆx =
N∑
i=1
Jˆix , Jˆy =
N∑
i=1
Jˆiy , Jˆz =
N∑
i=1
Jˆiz . (5)
Now, since the individual atomic operators satisfy[
Jˆ1x , Jˆ2z
]
= 0,
[
Jˆ1x , Jˆ1y
]
= iJˆ1z ,
[
Jˆ2y , Jˆ2z
]
= iJˆ2x , (6)
and so on, the collective pseudo-spin operators satisfy,
[Jˆx, Jˆy] = iJˆz, [Jˆy, Jˆz] = iJˆx,
[Jˆz, Jˆx] = iJˆy. (7)
Now, the collective quantum state vector for N two-level
atoms is represented as |ψj〉, where the quantum num-
ber j is related to the number of atoms N as j = N/2.
We can express this composite state vector |ψj〉 as a
linear superposition of the basis states |j,m〉, where
|j,m〉 are the simultaneous eigenvectors of the operators
Jˆ2 = Jˆ2x + Jˆ
2
y + Jˆ
2
z and Jˆz, with eigenvalues j(j +1) and
m respectively. The quantum number m is related to j
as m = −j,−j + 1, ....(j − 1), j.
We define the mean pseudo-spin vector as
〈Jˆ〉 = 〈Jˆx〉ˆi+ 〈Jˆy〉jˆ + 〈Jˆz〉kˆ, (8)
where the average values in the above expression are to
be calculated over the state |ψj〉 and iˆ, jˆ and kˆ are the
unit vectors along positive x, y and z axes respectively.
Now, the quantum fluctuations in Jˆx, Jˆy, and Jˆz for the
state |ψj〉, are defined as
∆Jx,y,z =
√
〈ψj |Jˆ2x,y,z|ψj〉 − 〈ψj |Jˆx,y,z|ψj〉2. (9)
Now, the state |ψj〉 is said to be a coherent spin state
(CSS) [28], or an atomic coherent state in literature, if in
a plane, normal to 〈Jˆ〉, the quantum fluctuations of the
pseudo-spin operators along any two mutually orthogonal
directions are same, and have value
√
N/2, that is,
3∆J21 = ∆J
2
2 =
j
2
=
N
4
, (10)
where Jˆ1 and Jˆ2 are the pseudo-spin operators along any
two mutually orthogonal directions, in a plane perpen-
dicular to 〈Jˆ〉.
The state |ψj〉 is said to be a squezeed spin state (SSS)
[28], if
∆J21 or, ∆J
2
2 <
j
2
=
N
4
. (11)
Now, coventionally we rotate our coordinate system
{x, y, z} to {x′, y′, z′}, so that the mean pseudo-spin
vector 〈Jˆ〉 points along the z′ axis, and we take the
pseudo-spin operators Jˆ1 and Jˆ2 as Jˆx′ and Jˆy′ respec-
tively. In that case, we have for a coherent spin state
∆J2x′ = ∆J
2
y′ = j/2 = N/4, and for a squeezed spin state
we have ∆J2x′ or, ∆J
2
y′ < j/2 = N/4.
The need to investigate the square of the quantum fluc-
tuations, ∆J21 and ∆J
2
2 or equivalently ∆J
2
x′ and ∆J
2
y′ ,
in a plane normal to 〈Jˆ〉, for defining a coherent spin
state and a squeezed spin state, is to exclude the mere
mathematical coordinate dependency and include quan-
tum correlations in the notion of squeezing [28]. If we
do not consider the quantum fluctuations in mutually
orthogonal directions in a plane normal to 〈Jˆ〉, then an
atomic coherent state appears to be a squeezed state [31],
which is misleading. Therefore, to find out wheteher an
arbitrary atomic state is a coherent state or a squeezed
state, we must investigate the quantum fluctuations in
mutually orthogonal directions, in a plane normal to 〈Jˆ〉.
We now show that the square of the quantum fluctua-
tions ∆J2x′ , ∆J
2
y′ , and ∆J
2
z′ can be expressed as algebraic
sum of the square of the corresponding quantum fluctua-
tions ofN individual atoms and all possible combinations
of correlations among the N atoms. Our ability to write
the square of the quantum fluctuations in the above men-
tioned way gives us the opportunity to extract out only
the all possible atom-atom correlation terms and con-
struct the total measure of quantum correlation for such
systems.
Now, an arbitrary symmetric pure state for a system
of N two-level atoms in the {m1,m2,m3, ....mN} repre-
sentation is given as
|Ψ〉 = A1
∣∣∣∣12 , 12 , ....12
〉
+
A2√
NC1
[∣∣∣∣ − 12 , 12 , 12 , ....12
〉
+
∣∣∣∣12 ,−12 , 12 , ....12
〉
+ ....
∣∣∣∣12 , 12 , 12 , ....− 12
〉]
+
A3√
NC2
[∣∣∣∣− 12 ,−12 , 12 , ....12
〉
+
∣∣∣∣− 12 , 12 ,−12 , ....12
〉
+ ....
∣∣∣∣12 , 12 , ....− 12 ,−12
〉]
+ ............AN+1
∣∣∣∣− 12 ,−12 ,−12 , ....− 12
〉
, (12)
where A1, A2, ..., AN+1 are constants and
NCr is given
as
NCr =
N !
r!(N − r)! . (13)
Now, the mean pseudo-spin vector 〈Jˆ〉 for the above
state points in an arbitrary direction in space. To in-
vestigate the quantum fluctuations ∆J2x′ and ∆J
2
y′ in a
plane normal to 〈Jˆ〉, we perform a rotation of the coor-
dinate system from {x, y, z} to {x′, y′, z′}, in such a way
that 〈Jˆ〉 points along the z′ axis. As a result we obtain
Jˆx′ = Jˆx cos θ cosφ+ Jˆy cos θ sinφ− Jˆz sin θ (14)
Jˆy′ = −Jˆx sinφ+ Jˆy cosφ (15)
Jˆz′ = Jˆx sin θ cosφ+ Jˆy sin θ sinφ+ Jˆz cos θ, (16)
where,
cos θ =
〈Jˆz〉
|〈Jˆ〉| (17)
cosφ =
〈Jˆx〉√
〈Jˆx〉2 + 〈Jˆy〉2
. (18)
We can observe from Eqs. (14), (15), (17), and (18),
that 〈Jˆx′〉 = 0, 〈Jˆy′〉 = 0, and consequently the mean
pseudo-spin vector points along the z′ axis.
Now, using Eqs. (14) and (15), we observe that the
square of the quantum fluctuations ∆J2x′ and ∆J
2
y′ have
the form
∆J2x′ = 〈J2x′〉 − 〈Jx′〉2
= ∆Jx
2 cos2 θ cos2 φ+∆Jy
2 cos2 θ sin2 φ
+ ∆Jz
2 sin2 θ +
(
〈JxJy + JyJx〉 − 2〈Jx〉〈Jy〉
)
× cos2 θ sinφ cosφ−
(
〈JxJz + JzJx〉 − 2〈Jx〉〈Jz〉
)
× sin θ cos θ cosφ−
(
〈JyJz + JzJy〉 − 2〈Jy〉〈Jz〉
)
× sin θ cos θ sinφ (19)
4and
∆J2y′ = 〈J2y′〉 − 〈Jy′〉2
= ∆Jx
2 sin2 φ+∆Jy
2 cos2 φ−
(
〈JxJy + JyJx〉
− 2〈Jx〉〈Jy〉
)
sinφ cosφ. (20)
Now using Eqs. (5) and (19), we can express ∆J2x′ as
∆J2x′ =
N∑
i=1
[
∆J2ix cos
2 θ cos2 φ+∆J2iy cos
2 θ sin2 φ
+ ∆J2iz sin
2 θ +
(
〈Jˆix Jˆiy + Jˆiy Jˆix〉 − 2〈Jˆix〉〈Jˆiy 〉
)
× cos2 θ sinφ cosφ−
(
〈Jˆix Jˆiz + Jˆiz Jˆix〉 − 2〈Jˆix〉〈Jˆiz 〉
)
× sin θ cos θ cosφ−
(
〈Jˆiy Jˆiz + Jˆiz Jˆiy 〉 − 2〈Jˆiy 〉〈Jˆiz 〉
)
× sin θ cos θ sinφ
]
+
N∑
i=1
N∑
l=1
l 6=i
[(
〈Jˆix Jˆlx〉 − 〈Jˆix〉〈Jˆlx〉
)
× cos2 θ cos2 φ+
(
〈Jˆiy Jˆly 〉 − 〈Jˆiy 〉〈Jˆly 〉
)
cos2 θ sin2 φ
+
(
〈Jˆiz Jˆlz〉 − 〈Jˆiz 〉〈Jˆlz 〉
)
sin2 θ + 2
(
〈Jˆix Jˆly 〉
− 〈Jˆix〉〈Jˆly 〉
)
cos2 θ sinφ cosφ− 2
(
〈Jˆix Jˆlz〉
− 〈Jˆix〉〈Jˆlz 〉
)
sin θ cos θ cosφ− 2
(
〈Jˆiy Jˆlz〉 − 〈Jˆiy 〉〈Jˆlz 〉
)
× sin θ cos θ sinφ
]
. (21)
Now, comparing the term under the single summation
symbol in the above equation with Eq. (19), we find that
it is nothing but ∆J2ix′ , that is, the square of the quan-
tum fluctuation in the x′-quadrature of the i-th atom
in the assembly. Now, calling the term with the double
summation symbol in the above equation as CX , we can
write Eq. (21) as,
∆J2x′ =
N∑
i=1
∆J2ix′ + CX . (22)
We observe that CX is solely made up of all possible
bipartite quantum correlations among the N two-level
atoms. Thus, we have expressed the square of the quan-
tum fluctuation ∆J2x′ for the composite state of N two-
level atoms as an algebraic sum of the square of the quan-
tum fluctuations ∆J2ix′ of the N individual atoms and all
possible bipartite quantum correlations, CX , among the
N atoms.
We now present a similar expression for ∆J2y′ . Using
Eqs. (5) and (20), we can write
∆J2y′ =
N∑
i=1
[
∆J2ix sin
2 φ+∆J2iy cos
2 φ
−
(
〈Jˆix Jˆiy + Jˆiy Jˆix〉 − 2〈Jˆix〉〈Jˆiy 〉
)
sinφ cosφ
]
+
N∑
i=1
N∑
l=1
l 6=i
[(
〈Jˆix Jˆlx〉 − 〈Jˆix〉〈Jˆlx〉
)
sin2 φ
+
(
〈Jˆiy Jˆly 〉 − 〈Jˆiy 〉〈Jˆly 〉
)
cos2 φ+ 2
(
〈Jˆix Jˆly 〉
− 〈Jˆix〉〈Jˆly 〉
)
sinφ cosφ
]
. (23)
We observe that the term under the single summation
symbol in the above equation is just like the right hand
side of Eq. (20), and hence it is nothing but ∆J2iy′ ,
that is, the square of the quantum fluctuation in the y′-
quadrature of the i-th atom in the assembly. Now, calling
the term with the double summation symbol in Eq. (23)
as CY , we can write the above equation as
∆J2y′ =
N∑
i=1
∆J2iy′ + CY . (24)
We observe that CY is made up of all bipartite quan-
tum correlations among the N two-level atoms. Thus,
we have expressed the square of the quantum fluctuation
in Jˆy′ of the entire system as an algebraic sum of the
square of the corresponding quantum fluctuations of the
N individual atoms, and all possible quantum correla-
tions among them.
Using similar analysis, we can write the square of the
quantum fluctuation in Jˆz′ , that is, ∆J
2
z′ for the compos-
5ite state of N two-level atoms as
∆J2z′ =
N∑
i=1
[
∆J2ix cos
2 θ sin2 φ+∆J2iy sin
2 θ sin2 φ
+ ∆J2iz cos
2 φ+
(
〈Jˆix Jˆiy + Jˆiy Jˆix〉 − 2〈Jˆix〉〈Jˆiy 〉
)
× sin θ cos θ sin2 φ+
(
〈Jˆix Jˆiz + Jˆiz Jˆix〉
− 2〈Jˆix〉〈Jˆiz 〉
)
cos θ sinφ cosφ+
(
〈Jˆiy Jˆiz
+ Jˆiz Jˆiy 〉 − 2〈Jˆiy 〉〈Jˆiz 〉
)
sin θ sinφ cosφ
]
+
N∑
i=1
N∑
l=1
l 6=i
[(
〈Jˆix Jˆlx〉 − 〈Jˆix〉〈Jˆlx〉
)
cos2 θ sin2 φ
+
(
〈Jˆiy Jˆly 〉 − 〈Jˆiy 〉〈Jˆly 〉
)
sin2 θ sin2 φ
+
(
〈Jˆiz Jˆlz〉 − 〈Jˆiz 〉〈Jˆlz 〉
)
cos2 φ
+ 2
(
〈Jˆix Jˆly 〉 − 〈Jˆix〉〈Jˆly 〉
)
sin θ cos θ sin2 φ
+ 2
(
〈Jˆix Jˆlz 〉 − 〈Jˆix〉〈Jˆlz 〉
)
cos θ sinφ cosφ
+ 2
(
〈Jˆiy Jˆlz 〉 − 〈Jˆiy 〉〈Jˆlz 〉
)
sin θ sinφ cosφ
]
. (25)
The term under the single summation symbol in the
above equation is actually ∆J2iz′ ,that is the quantum
fluctuation in the z′-quadrature of the i-th atom in the
assembly and, the term under the double summation
symbol represent the atom-atom correlations. We notice
from the above equation that, there is full of atom-atom
correlations along the z′-direction. Therefore, to have a
total measure of the atomic correlations, we must take
into account of the above correlations, expressed in the
above equation.
We, thus, have expressed the square of the quantum
fluctuation in the z′-quadrature of the composite sys-
tem as a sum of the square of the quantum fluctuations,
∆J2iz′ , of all the individual atoms and the correlation
terms among them. Therefore, we can write the above
equation as
∆J2z′ =
N∑
i=1
∆J2iz′ + CZ , (26)
where CZ is the term with the double summation in
Eq. (25) and represents the atomic correlations in the
z′-quadrature.
Now, if atoms in the assembly are uncorrelated, then,
the composite quantum state vector |Ψ〉 can be expressed
as the product of the individual atomic state vectors, that
is
|Ψ〉 = |Ψ1〉 ⊗ |Ψ2〉 ⊗ |Ψ3〉......⊗ |ΨN〉, (27)
where |Ψ1〉, |Ψ2〉, ... |ΨN 〉 are the individual atomic state
vectors. In that case, we have for i 6= l,
〈Jˆix Jˆlx〉 = 〈Jˆix〉〈Jˆlx〉, 〈Jˆiy Jˆly 〉 = 〈Jˆiy 〉〈Jˆly 〉,
〈Jˆiz Jˆlz〉 = 〈Jˆiz 〉〈Jˆlz 〉, 〈Jˆix Jˆly 〉 = 〈Jˆix〉〈Jˆly 〉,
〈Jˆix Jˆlz〉 = 〈Jˆix〉〈Jˆlz 〉, 〈Jˆiy Jˆlz 〉 = 〈Jˆiy 〉〈Jˆlz 〉. (28)
If these conditions are satisfied then, all the terms under
the double summation symbols in Eqs. (21), (23), and
(25) are zero. Therefore, when the atoms in the assembly
are uncorrelated, we have
CX = CY = CZ = 0. (29)
Now, we can calculate and find that the square of the
quantum fluctuations in x′ and y′-quadratures of the in-
dividual constituent atoms in the assembly have value
1/4, that is
∆J21x′ = ∆J
2
2x′
= ...∆J2Nx′ =
1
4
, (30)
∆J21y′ = ∆J
2
2y′
= ...∆J2Ny′ =
1
4
. (31)
Therefore, using Eqs. (30) and (31), we can write Eqs.
(22), and (24) respectively, as
∆J2x′ =
N
4
+ CX , (32)
∆J2y′ =
N
4
+ CY . (33)
Now, the quantum fluctuation ∆J2iz′ is
∆J2iz′ =
1
4
− |〈Jˆi〉|2, (34)
where 〈Jˆi〉 is the mean pseudo-spin vector of the i-th
atom in the assembly.
Now, since the composite state of N atoms in Eq.
(12) is a symmetric state, where all the atoms have been
treated on equal footing, the mean pseudo-spin vector
〈Jˆ〉 of the composite system is related with the mean
pseudo-spin vector 〈Jˆi〉 of the individual atoms as
〈Jˆ〉 = 〈Jˆx〉ˆi + 〈Jˆy〉jˆ + 〈Jˆz〉kˆ
= N〈Jˆix 〉ˆi+N〈Jˆiy 〉jˆ +N〈Jˆiz 〉kˆ
= N〈Jˆi〉. (35)
Therefore, using Eq. (35) in Eq. (34), we obtain
∆J2iz′ =
1
4
− 1
N2
|〈Jˆ〉|2. (36)
And, finaly using Eq. (36) in Eq. (26), we get
∆J2z′ =
N∑
i=1
(1
4
− 1
N2
|〈Jˆ〉|2
)
+ CZ
=
N
4
− 1
N
|〈Jˆ〉|2 + CZ (37)
6Now, for a coherent spin state, which is a completely
separable state, the square of the quantum fluctuations
in x′ and y′-quadratures, that is, ∆J2x′ and ∆J
2
y′ have
value N/4 [28]. Therefore, we can write Eqs. (32) and
(33) as
∆J2x′ −∆J2x′ |un−corr. = CX , (38)
∆J2y′ −∆J2y′ |un−corr. = CY . (39)
Therefore, CX and CY are equal to the deviations of
the square of the quantum fluctuations in Jˆx′ and Jˆy′
respectively, of the arbitrary state |Ψ〉 from those of an
uncorrelated state. We also notice from Eqs. (32), and
(33), that, if CX < 0, we have spin squeezing in the x
′-
quadrature of the system, and in that case CY should be
greater than zero, and vice-versa.
Now, regarding the quantum fluctuation in the z′-
quadrature, it is to be mentioned here that ∆J2z′ = 0
for a completely seperable state. In that case, all the
conditions in Eqs. (28) are satisfied, producing CZ = 0,
and |〈Jˆ〉|2 attains the value N2/4, thus, making ∆J2z′ = 0
in Eq. (37).
We notice from Eqs. (21), (22), (23), (24), (25), and
(26) that CX , CY , and CZ contain only the all possible
quantum correlations among the atoms, and they are the
quantum correlation terms in all the three mutually or-
thogonal directions, that is, the x′, y′, and z′-directions.
Therefore, we, use these correlation terms to construct a
total measure of multi-particle quantum correlations in
a system of N two-level atoms (N qubits). Now, since,
CX , CY , and CZ may be positive or negative, we can-
not simply add them to calculate the net quantum cor-
relation among the atoms. We, therefore, take the root
mean square value of the above three correlation terms
to construct the total measure of multi-particle quantum
correlations. So, we define the net quantum correlation
parameter as
S =
1√
3
[
(CX)
2 + (CY )
2 + (CZ)
2
]1/2
. (40)
Thus, S is the root mean squared value of all the atom-
atom quantum correlations along all the three mutually
orthogonal directions, that is, along x′, y′ and z′ direc-
tions. It is to be mentioned here that, in Ref. [8] and
[9] we took S as the mean squared value of CX and CY .
In that case S takes the dimension of Jˆ4. Now, in this
paper, we define S in such a way that, it has the dimen-
sion of Jˆ2. For that, we define S as the square root of
the mean squared value of CX , CY and CZ . We also
incorporate the correlation in the Jˆz′ quadrature in our
definition of S for the sake of completeness, that is to
construct a total measure of all atom-atom correlations.
Now, using Eqs. (32), (33), and (37) we can express S
as,
S =
1√
3
[
∆Jx′
2
(
∆Jx′
2 − N
2
)
+∆Jy′
2
(
∆Jy′
2 − N
2
)
+ ∆J2z′
(
∆J2z′ −
N
2
+
2
N
|〈Jˆ〉|2
)
+
(
1
N
|〈Jˆ〉|2 − N
4
)2
+
N2
8
]1/2
. (41)
Now, if ξRx , ξRy and ξRz are the spectroscopic squeezing
parameters used in Ramsey spectroscopy [29], given as
ξRx =
√
2j
|〈Jˆ〉|∆Jx
′ , ξRy =
√
2j
|〈Jˆ〉|∆Jy
′ , ξRz =
√
2j
|〈Jˆ〉|∆Jz
′
(42)
then,
S =
1√
3
[
ξ2Rx |〈Jˆ〉|2
2j
(
ξ2Rx |〈Jˆ〉|2
2j
− N
2
)
+
ξ2Ry |〈Jˆ〉|2
2j
×
(
ξ2Ry |〈Jˆ〉|2
2j
− N
2
)
+
ξ2Rz |〈Jˆ〉|2
2j
(
ξ2Rz |〈Jˆ〉|2
2j
− N
2
+
2
N
|〈Jˆ〉|2
)
+
(
1
N
|〈Jˆ〉|2 − N
4
)2
+
N2
8
]1/2
. (43)
Thus, the quantum correlation parameter S is connected
to the experimentally measurable quantities.
Now, if all the atoms in the assembly are uncorrelated,
that is, the quantum state |Ψ〉 is a separable state, then
all the conditions in Eqs. (28) are satisfied, and hence,
CX , CY , and CZ become zero, producing S = 0. If the
atoms in the assembly are correlated, then, all the condi-
tions in Eqs. (28) are not satisfied, and as a consequence,
either CX or, CY or, CZ , or any two of the three, or, all
are non-zero. In that case S 6= 0. Therefore, the non-zero
value of S implies the presence of quantum correlations
among the atoms. Now, we can take the numerical value
of S as a total measure of the amount of quantum cor-
relation present among the N two-level atoms. Thus, by
measuring S with the help of Eqs. (41) or (43) for a quan-
tum state of N two-level atoms we can measure the net
amount of quantum correlation present in that system.
In the following section we apply this idea to measure the
net amount of quantum correlation present in an atomic
Schro¨dinger cat state, which is of considerable interest in
the conceptual foundations of quantum mechanics.
III. QUANTIFICATION OF QUANTUM
CORRELATIONS IN ATOMIC SCHRO¨DINGER
CAT STATES
We consider a system of N identical two-level atoms
each of transition frequency ω0 interacting collectively
with a single mode electromagnetic field in a cavity whose
7characteristic frequency nearest to ω0 is ωc. The cav-
ity temperature is represented by the average number
of thermal photons n¯ present in the cavity. The rate
of loss of photons is given as 2κ, where κ is the cavity
bandwidth. We consider the cavity to be highly detuned,
that is, δc = ωc−ω0 is very large such that the condition
|iδc + κ| >> g
√
N (where g is the atom-photon coupling
constant) is satisfied. We assume that the quality factor
Q of the cavity is very large making κ very small, but
we treat the cavity as a dispersive type. The effective
Hamiltonian describing the dynamics of the atoms in the
cavity takes the form [30]
Heff = ~η
[
Jˆ2 − Jˆ2z + (2n¯+ 1)Jˆz
]
, (44)
where
η =
g2δc
κ2 + δc
2 . (45)
It can be noted that the temperature dependent term
corresponds to a simple rotation and therefore, we drop
it in further considerations, that is, we set n¯ = 0. There-
fore, the effective Hamiltonian reduces to
H = ~η
[
Jˆ2 − Jˆ2z + Jˆz
]
. (46)
Now, the unitary time evolution generated by the above
Hamiltonian transforms an atomic coherent state into
atomic Schro¨dinger cat states at special times [30].
Let initially a system of N two-level atoms are pre-
pared in an atomic coherent state [27],
|ψ(0)〉 ≡ |θ, φ〉 =
N∑
k=0
√
N !
(N − k)!k! exp (ikφ)
× sinN−k
(θ
2
)
cosk
(θ
2
)∣∣∣N
2
− k
〉
. (47)
If the above state is given a time evolution by the Hamil-
tonian H in Eq. (46), we obtain
|ψ(t)〉 = e−iHt/~|θ, φ〉 =
N∑
k=0
√
N !
(N − k)!k! exp (ikφ)
× sinN−k
(θ
2
)
cosk
(θ
2
)
× exp [−iτ{N + (N − 1)k − k2}]
∣∣∣N
2
− k
〉
, (48)
where τ = ηt. Now, it has been shown in Ref. [30], that
at special times τ = pim , where m is an integer, the above
state can be expressed as superposition of several atomic
coherent states as
|ψ(t)〉 = e−iHt/~|θ, φ〉 = exp
[
− ipiN
m
]
×
m−1∑
q=0
f (o)q
∣∣∣θ, φ+ pi 2q −N
m
〉
(49)
for m odd, and
|ψ(t)〉 = e−iHt/~|θ, φ〉 = exp
[
− ipiN
m
]
×
m−1∑
q=0
f (e)q
∣∣∣θ, φ+ pi 2q −N + 1
m
〉
(50)
for m even. Here, f
(o)
q and f(q)
(e) are given as [30],
f (o)q =
1
m
m−1∑
k=0
exp
[
− i2piq
m
k
]
exp
[
i
pi
m
k(k + 1)
]
(51)
and
f (e)q =
1
m
m−1∑
k=0
exp
[
− i2piq
m
k
]
exp
[
i
pi
m
k2
]
. (52)
We observe from Eqs. (49) and (50), that the vari-
ous atomic coherent states in the superposition differ by
phase and the state |ψ(t)〉 is an atomic Schro¨dinger cat
state. It has been shown in Ref. [30], that the state
|ψ(t)〉 shows interesting interference patterns in its qua-
sidistributions. Now, |ψ(t)〉 cannot be expressed as a
product states of individual spins and hence atom-atom
correlations are important in this cat state. This is our
motivation to quantify the amount of atomic correlations
present in this state.
We now proceed to calculate the amount of quantum
correlations present in the above state. To obtain this
we calculate the average values of the collective atomic
operators Jˆx, Jˆy and Jˆz, for the state |ψ(t)〉 (with N =
2j). Now, it can be seen that for the initial state |ψ(0)〉 =
|θ, φ〉, we have
〈θ, φ|Jˆx|θ, φ〉 = j sin θ cosφ, (53)
〈θ, φ|Jˆy |θ, φ〉 = j sin θ sinφ, (54)
〈θ, φ|Jˆz |θ, φ〉 = −j cos θ. (55)
Now, for the state
|ψ(t)〉 = exp(−iHeff t/~)|θ, φ〉
= exp−iτ
[
Jˆ2 − Jˆ2z + (2n¯+ 1)Jˆz
]
|θ, φ〉, (56)
we calculate the average values 〈Jˆx〉, 〈Jˆy〉, and 〈Jˆz〉,
which are as shown below.
〈ψ(t)|Jˆx|ψ(t)〉 = j sin θ(T1)j−1
[
cos2
(θ
2
)
cos(2jΘ1 − φ)
+ sin2
(θ
2
)
cos(2jΘ1 − 2τ − φ)
]
, (57)
〈ψ(t)|Jˆy |ψ(t)〉 = −j sin θ(T1)j−1
[
cos2
(θ
2
)
sin(2jΘ1 − φ)
+ sin2
(θ
2
)
sin(2jΘ1 − 2τ − φ)
]
(58)
8where,
T1 = sin
4
(θ
2
)
+
1
2
sin2 θ cos 2τ + cos4
(θ
2
)
(59)
and
Θ1 = tan
−1
[
− tan τ cos θ
]
. (60)
Now,
〈ψ(t)|Jˆz |ψ(t)〉 = −j cos θ. (61)
We note from the above results that, the mean spin vector
〈Jˆ〉 points in an arbitrary direction in space. We, there-
fore, rotate the coordinate system {x, y, z} to {x′, y′, z′},
such that the mean spin vector points along the z′-axis
and hence, the components of Jˆ in the rotated frame be-
come
Jˆx′ = Jˆx cosφ1 cos θ1 + Jˆy sinφ1 cos θ1
− Jˆz sin θ1 (62)
Jˆy′ = −Jˆx sinφ1 + Jˆy cosφ1 (63)
Jˆz′ = Jˆx cosφ1 sin θ1 + Jˆy sinφ1 sin θ1
+ Jˆz cos θ1 (64)
where,
cos θ1 =
〈Jˆz〉
|〈Jˆ〉| , sin θ1 =
√
〈Jˆx〉2 + 〈Jˆy〉2
|〈Jˆ〉| , (65)
cosφ1 =
〈Jˆx〉√
〈Jˆx〉2 + 〈Jˆy〉2
, (66)
sinφ1 =
〈Jˆy〉√
〈Jˆx〉2 + 〈Jˆy〉2
. (67)
We can check that
〈Jˆx′〉 = 〈Jˆy′〉 = 0 (68)
and hence, the mean spin vector lies along the z′-axis.
We, now, calculate
∆J2x′,y′,z′ = 〈Jˆ2x′,y′,z′〉 − 〈Jˆx′,y′,z′〉2. (69)
For that we need 〈Jˆ2x〉, 〈Jˆ2y 〉, 〈Jˆ2z 〉, 〈JˆxJˆy+ JˆyJˆx〉, 〈JˆyJˆz+
JˆzJˆy〉 and 〈JˆxJˆz + Jˆz Jˆx〉. We present the final results of
the above values as
〈Jˆ2x〉 =
j(2j − 1)
4
sin2 θ(T2)
j−1 cos
[
(6− 4j)τ + 2φ
+ (2j − 2)Θ2
]
+
j(j + 1)
2
− 1
2
[
j2 sin4
(θ
2
)
− 1
2
j2 sin2 θ +
1
2
j sin2 θ + j2 cos4
(θ
2
)]
, (70)
〈Jˆ2y 〉 = −
j(2j − 1)
4
sin2 θ(T2)
j−1 cos
[
(6− 4j)τ + 2φ
+ (2j − 2)Θ2
]
+
j(j + 1)
2
− 1
2
[
j2 sin4
(θ
2
)
− 1
2
j2 sin2 θ +
1
2
j sin2 θ + j2 cos4
(θ
2
)]
, (71)
〈JˆxJˆy + JˆyJˆx〉 = j(2j − 1)
2
sin2 θ(T2)
j−1
× sin
[
(6− 4j)τ + 2φ+ (2j − 2)Θ2
]
, (72)
where
T2 = sin
4
(θ
2
)
+
1
2
sin2 θ cos 4τ + cos4
(θ
2
)
(73)
and
Θ2 = tan
−1
[
cos2(θ/2) sin 4τ
sin2(θ/2) + cos2(θ/2) cos 4τ
]
. (74)
Now,
〈Jˆ2z 〉 =
1
2
j sin2 θ + j2
[
sin4
(θ
2
)
− 1
2
sin2 θ + cos4
(θ
2
)]
,
(75)
〈JˆyJˆz + JˆzJˆy〉 = j(2j − 1) sin θ(T1)j−1
[{
sin2
(θ
2
)
− cos2
(θ
2
)
cos 2τ
}
sin
{
(1− j)2τ + φ+ (2j − 2)Θ3
}
− cos2
(θ
2
)
sin 2τ cos
{
(1− j)2τ + φ+ (2j − 2)Θ3
}]
(76)
and
〈JˆxJˆz + JˆzJˆx〉 = j(2j − 1) sin θ(T1)j−1
[{
sin2
(θ
2
)
− cos2
(θ
2
)
cos 2τ
}
cos
{
(1− j)2τ + φ+ (2j − 2)Θ3
}
+ cos2
(θ
2
)
sin 2τ sin
{
(1 − j)2τ + φ+ (2j − 2)Θ3
}]
,
(77)
where
Θ3 = tan
−1
[
cos2(θ/2) sin 2τ
sin2(θ/2) + cos2(θ/2) cos 2τ
]
. (78)
Now, using the expressions of cos θ1, sin θ1, cosφ1 and
sinφ1, given in Eqs. (65), (66) and (67) in Eqs. (62), (63)
and (64) and using Eq. (69), we obtain the expressions
9of ∆J2x′ , ∆J
2
y′ and ∆J
2
z′ respectively as
∆J2x′ =
1
|〈Jˆ〉|2
(
〈Jˆx〉2 + 〈Jˆy〉2
)
[
〈Jˆ2x〉〈Jˆx〉2〈Jˆz〉2 + 〈Jˆ2y 〉
× 〈Jˆy〉2〈Jˆz〉2 + 〈Jˆ2z 〉
(
〈Jˆx〉2 + 〈Jˆy〉2
)2
+ 〈JˆxJˆy + JˆyJˆx〉〈Jˆx〉〈Jˆy〉〈Jˆz〉2 −
(
〈Jˆx〉2 + 〈Jˆy〉2
)
×
{
〈JˆxJˆz + JˆzJˆx〉〈Jˆx〉〈Jˆz〉
+ 〈JˆyJˆz + JˆzJˆy〉〈Jˆy〉〈Jˆz〉
}]
, (79)
∆J2y′ =
1(
〈Jˆx〉2 + 〈Jˆy〉2
)
[
〈Jˆ2x〉〈Jˆy〉2 + 〈Jˆ2y 〉〈Jˆx〉2
− 〈JˆxJˆy + JˆyJˆx〉〈Jˆx〉〈Jˆy〉
]
(80)
and
∆J2z′ =
1
|〈Jˆ〉|2
[
∆J2x〈Jˆx〉2 +∆J2y 〈Jˆy〉2 +∆J2z 〈Jˆz〉2
+
(
〈JˆxJˆy + JˆyJˆx〉 − 2〈Jˆx〉〈Jˆy〉
)
〈Jˆx〉〈Jˆy〉
+
(
〈JˆyJˆz + JˆzJˆy〉 − 2〈Jˆy〉〈Jˆz〉
)
〈Jˆy〉〈Jˆz〉
+
(
〈JˆxJˆz + JˆzJˆx〉 − 2〈Jˆx〉〈Jˆz〉
)
〈Jˆx〉〈Jˆz〉
]
. (81)
We can now quantify the amount of quantum correla-
tion in the cat state by using Eqs. (40) or (41) and Eqs.
(79), (80) and (81) by using the various types of average
values of the atomic operators and their combinations as
calculated above. We observe from Eqs. (49) and (50),
that for various values ofm, that is for various interaction
times τ = pi/m, we have various superpositions of atomic
coherent states and thus, we obtain various atomic cat
states. In Table I we have shown the quantum corre-
lations along the three mutually orthogonal directions,
that is, x′, y′ and z′ directions of the system of atoms
and also the net quantum correlation among the atoms,
represented by the magnitude of S for various atomic cat
states corresponding to various values of m, that is, for
various interaction times τ . These results are for, total
number of atoms N = 10, θ = pi/4, that is when the
number of atoms in the excited state is one-fourth of the
total number of atoms in the assembly, and φ = 0.
Now, in Fig. 1, we show the variation of the amount
of quantum correlation, that is, the value of S with the
number of atoms N varying from N = 2 to N = 10.
We show three curves corresponding to three values of
the interaction time τ , which are τ = pi/8, pi/6 and pi/4.
TABLE I: Values of CX , CY , CZ and S for various values of
m, for the number of atoms N = 10
m CX CY CZ S
2 -0.06579 11.25000 0.04382 6.49535
3 4.76608 6.05441 0.26581 4.45129
4 3.94977 5.59583 0.85970 3.98552
5 2.67068 5.20093 1.33710 3.46266
6 1.63697 4.77206 1.45857 3.03203
7 0.95262 4.32450 1.35167 2.67306
8 0.52939 3.88241 1.16369 2.35991
9 0.27321 3.46535 0.97139 2.08382
10 0.11898 3.08491 0.80294 1.84196
We observe interesting feature for τ = pi/6. We note
from Fig. 1, that the amount of quantum correlation for
odd number of atoms is greater than its next higher even
number of atoms. That is the quantum correlation (S)
for N = 3 is higher than that for N = 4. Similarly, S
for N = 5 is higher than S for N = 6. S for N = 7
is higher than S for N = 8 and S for N = 9 is higher
than S for N = 10. This interesting feature decreases
as we deviate from the interaction time τ = pi/6. For
the interaction time τ = pi/8 the amount of quantum
correlation increases smoothly with the increase in the
number of atoms N , but for τ = pi/4, it increases in a
zig-zag fashion with the increase in the number of atoms.
In Fig. 2, we show the variation of S with N , where
N varies from N = 10 to N = 20. We note that, the
increase in S with N is smooth for τ = pi/8 and pi/4,
whereas for τ = pi/6, the increase in S with N shows
slight zig-zag fashion in the begining and becomes almost
smooth after N = 16.
In Fig. 3, we show the same curves for N varying from
N = 20 to N = 100. We note that the variation in S
with N , for all three interaction times (τ = pi/8, pi/6 and
pi/4) become almost same after N = 80.
In Fig. 4, 5 and 6 we show the variation of S with the
angle θ in radian, for different values of N . The value of
θ gives a measure of the number of atoms in the excited
states in the initial atomic coherent state |θ, φ〉. When
θ = 0, we observe from Eq. (47), that, only the term for
k = N in the summation exists and the corresponding
state is given as
|ψ(0)〉 = |θ = 0, φ〉 = exp(iNφ)
∣∣∣∣∣−N2
〉
, (82)
that is, all the spins or equivalently all the two-level
atoms are in their lower states. Using Eqs. (53), (54)
and (55), we have
〈θ = 0, φ|Jˆx|θ = 0, φ〉 = 0, (83)
〈θ = 0, φ|Jˆy|θ = 0, φ〉 = 0, (84)
〈θ = 0, φ|Jˆz |θ = 0, φ〉 = −j = −N
2
(85)
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FIG. 1: Variation of the amount of net quantum correlation
(S) with the number of atoms (N), where N varies from N =
2 to N = 10. The three curves are for three values of τ , which
are, τ = pi/8, pi/6 and pi/4. We have taken θ = pi/4 and φ = 0
in all the three cases.
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FIG. 2: Variation of the amount of net quantum correlation
(S) with the number of atoms (N), where N varies from N =
10 to N = 20. The three curves are for three values of τ ,
which are, τ = pi/8, pi/6 and pi/4. We have taken θ = pi/4
and φ = 0 in all the three cases.
Similarly, when θ = pi, we observe from Eq. (47), that,
only the term for k = 0 in the summation exists and the
the corresponding state is given as
|ψ(0)〉 = |θ = pi, φ〉 =
∣∣∣∣∣N2
〉
, (86)
that is, all the atoms are in their upper states. Using
Eqs. (53), (54) and (55), we see that
〈θ = pi, φ|Jˆx|θ = pi, φ〉 = 0, (87)
〈θ = pi, φ|Jˆy|θ = pi, φ〉 = 0, (88)
〈θ = pi, φ|Jˆz |θ = pi, φ〉 = j = N
2
(89)
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FIG. 4: Variation of the amount of net quantum correlation
(S) with the angle θ, in radian, where θ varies from θ =
(pi/314) to θ = pi radian. The two curves are for two values
of N , which are, N = 5 and N = 6. We have taken τ = pi/3
and φ = 0 in both the two cases.
Similarly, |θ = pi/2, φ〉 is the coherent state of equal num-
ber of atoms in their lower states and excited states, when
we have
〈θ = pi/2, φ|Jˆz|θ = pi/2, φ〉 = 0. (90)
Therefore, In Fig. 4, we show the variation of the net
quantum correlation S as we increase the number of
atoms in the excited states. The two curves are for two
values of N which are N = 5 and 6. The interaction
time has been set equal to τ = pi/3 and we have taken
φ = 0 for simplicity. We observe that when the number
of atoms in the assembly is an odd number, the corre-
sponding curve is asymmetric about θ = pi/2 whereas it
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FIG. 6: Variation of the amount of net quantum correlation
(S) with the angle θ, in radian, where θ varies from θ =
(pi/314) to θ = pi radian. The two curves are for two values of
N , which are, N = 35 and N = 36. We have taken τ = pi/3
and φ = 0 in both the two cases.
is symmetric about θ = pi/2, when the number of atoms
in the assembly is an even number. We also abserve that
for N = 5, the variation of the amount of net quantum
correlation (S) with θ shows irrregular pattern, though
it shows maximum at θ = pi/2, that is, when there are
equal number of atoms in the upper and lower levels.
But for N = 6, the amount of quantum correlation (S)
increases gradually with the increase in θ, then it sharply
falls before θ = pi/2 and then sharply increases and at-
tains maximum at θ = pi/2. Then again it sharply falls
just after θ = pi/2, then sharply increases within a small
range of θ and then gradually decreases to zero at θ = pi.
In both the cases when θ is close to zero, that is all the
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FIG. 7: Variation of the amount of net quantum correlation
(S) with the interaction time τ . We have taken N = 10,
θ = pi/4 and φ = 0.
atoms are initially (at time t = 0) prepared in their lower
states, there develops no quantum correlation among the
atoms. This also happens when θ = pi, that is, initially
(at time t = 0) all the atoms are prepared in their up-
per states. We observe that correlation increases as the
number of atoms in the upper level (in the initial state
|θ, φ〉) increases and becomes maximum when the pop-
ulation of the upper level is equal to the population of
the lower level, that is, when θ = pi/2 in the initial state
|θ, φ = 0〉. After that, when the population of the excited
state increases beyond 50%, the correlation S decreases.
We also see that the net correlation for N = 5 is higher
than that for N = 6 in the lower values of θ.
In Fig. 5, we show the same plots, but, here the total
number of atoms are N = 9 and N = 10. We see that
S is asymmetric about θ = pi/2 for N = 9, that is an
odd number, whereas it is symmetric about θ = pi/2 for
N = 10. We also see that, S for N = 9 is higher than
that for N = 10, when θ is small. We observe that, in
contrast to Fig. 4, though S increases with θ but it shows
sharp local minimum at θ = pi/2. S goes to zero, when
θ approaches 0 and pi.
In Fig. 6, we show the same graphs with N = 35 and
N = 36. We note that S for N = 35 (odd number) is
asymmetric about θ = pi/2, whereas it is symmetric for
N = 36. We also note that S is higher for N = 35 than
that for N = 36 in the lower values of θ. Now, both the
curves show maxima at θ = pi/2 and the fluctuations in
S near θ = pi/2 dissapears in contrast to Fig. 4 and 5.
We also note that S goes to 0 when θ approaches 0 and
pi.
In Fig. 5 and 6 also, we observe that correlation in-
creases with the increase in the population of the excited
state, till the excited state has 50% of the total number
of atoms, and, after that the correlation decreases grad-
ually when the population of the excited state increases
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beyond 50%.
In Fig. 7, we show the variation of the amount of quan-
tum correlation (S) with the interaction time τ , not only
for the atomic cat state, but also for the general quantum
state of N two-level atoms in a dispersive cavity, whose
time evolution is governed by the Hamiltonian, given in
Eq. (46), and when the initial state is the atomic coher-
ent state. That is, the value of τ here is not restricted
to the values τ = pi/m (where m is an integer), but τ
has been allowed to vary continuously from 0 to 7. Thus,
the graph shows the variation of S with τ both for the
atomic cat state (when τ = pi/m) and the general state
of N two-level atoms in a dispersive cavity. Here, we
have taken the total number of atoms N = 10, and the
value of θ is pi/4 , that is, the number of atoms in the
excited state is one-fourth of the total number of atoms
and φ has been taken as 0. The graph shows that, S in-
creases with τ , attains a maximum, showing oscilattions
around the maximum, and then decreases to zero with
further increase in τ . This behaviour of S is repeated
periodically with τ .
IV. SUMMARY AND CONCLUSION
We propose a total measure of the multi-particle quan-
tum correlations in a system of N two-level atoms. We
take into account all the correlations, that a system of
atoms can possess, that is, the correlations along all the
three mutually orthogonal directions and, thus, construct
the total measure of quantum correlation of the system of
atoms. We express the quantum fluctuations ∆J2x′ , ∆J
2
y′
and ∆J2z′ , of the composite system of atoms, separately,
as an algebraic sum of the corresponding quantum fluc-
tuations of the N individual atoms and the correlation
terms, which are made up of all possible combinations
of quantum correlations among the atoms. Our abil-
ity to write the composite quantum fluctuations in the
above way gives us the opportunity to extract out only
the quantum correlation factors of the atoms and con-
struct the total measure of the quantum correlation of
the system. Since, the correlation terms may be positive
or negative, we cannot simply add them to have a total
measure of the net correlation and, therefore, we take the
root mean square value of those correlation terms and de-
fine it to be a total measure of the quantum correlation
of the whole system of atoms. We use that measure to
quantify the quantum correlation in atomic Schro¨dinger
cat states. Schro¨dinger cat states play important role in
the conceptual foundations of quantum mechanics. The
atomic Scho¨dinger cat states, which were proposed by
Agarwal et al. [30], are generated using the dispersive
interactions in a cavity. These states shows interesting
interferences in its quasidisdributions and are highly cor-
related states. This is our motivation to quantify the
amount of quantum correlations present in such states.
We quantify the net correlation for different atomic cat
states corresponding to different superposition of atomic
coherent states. We study, how the net quantum corre-
lation varies as we increase the number of atoms in the
system from N = 2 to N = 100. We notice one in-
teresting feature, that is, when the number of atoms in
the assembly is in between N = 2 to N = 10, the net
quantum correlation of odd number of atoms is higher
than that for its next higher even number of atoms when
the dimensionless interaction time τ is set to pi/6. After
N = 10, the quantum correlation shows slight zig-zag
fashion in its increase with the increase in the number
of atoms and finally shows smooth increase when N in-
creases beyond 16.
We also analyse the situation as we increase number of
atoms in the upper level in the initial (t = 0) state |θ, φ〉
of the atoms. The angle θ, here, gives a measure of the
number of atoms in the upper state. θ = 0 corresponds to
all the atoms in the lower state initially, θ = pi/2 means
equal number of atoms in the lower and upper state ini-
tially, and θ = pi means all the atoms in the upper state
initially. We notice that, the net quantum correlation
increases on average as we increase the number of atoms
in the excited state. It attains the maximum value when
the number of atoms in the upper state is equal to that in
the lower state. Then, as we further increase the number
of atoms in the upper state, the net quantum correla-
tion starts decreasing and finally goes to zero when all
the atoms reach the upper state. But, we also observe
that, for low odd number of atoms in the assembly, the
net quantum correlation shows irregular pattern in its in-
crease as we increase the number of atoms in the upper
state, whereas for even number of atoms, there appears a
regular pattern. For odd number of atoms in the assem-
bly, the variation of the net correlation with the angle θ
is asymmetric about θ = pi/2, whereas, for even number
of atoms, the corresponding variation is symmetric about
θ = pi/2. We observe small fluctuations in the net cor-
relation near θ = pi/2, when the number of atoms in the
assembly is low, whereas the fluctuations near θ = pi/2
dissappears when N = 35.
We also show the variation of the net quantum corre-
lation with the interaction time τ for a general state of
two-level atoms in a dispersive cavity. We observe that
the net correlation increases with the increase in τ , then
attains a maximum with small oscillations around the
maximum, and then gradually decreases with further in-
crease in τ . This behaviour is repeated periodically with
the increase in τ .
Our method can also be applied to the system stud-
ied by Felicetti et al., [32], where they propose a super-
conducting circuit architecture for multipartite entangle-
ment generation. It can also be applied to the systems
studied in Refs. [33] and [34].
We hope that our study may produce some new insight
into the subject.
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